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@ Hopf Algebras and Hopf monoids
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Hopf Algebras

A Hopf algebra (H, i, A) is:
@ An algebra. For instance H := 5o KS,, with m: H@ H — H:

m(132 ® 21) = 13254 + 13524 + 13542 4 15324 + 15342 + 15432
= 51324 4 51342 + 51432 + 54132

@ A coalgebra.

A(13254) =1® 13254+ 1®2143+12® 132+ 132® 21+ 1324 ® 1
+13254 ® 1

@ A bialgebra. The comultiplication and counity maps are algebra
maps.
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Hopf Algebras

Definition

A Hopf algebra (H, m, A, u,€) is a bialgebra with a linear map
S : H — H that is the inverse of the identity map idy in the algebra
Hom(H, H).
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Hopf Algebras

Definition

A Hopf algebra (H, m, A, u,€) is a bialgebra with a linear map
S : H — H that is the inverse of the identity map idy in the algebra
Hom(H, H).

You should think of the antipode as a generalization of the Mébius func-
tion. Indeed, for H =K7P, and ((P):=1forall P P:

p=¢oS
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Hopf Monoids

A Hopf monoid (F, i, A) is:

e A monoid. For instance S[/] := {Set partitions on /}, with
pap: F[Al x F[B] — F[AU B]:

,UJ124735(124, 35) = 12435.

@ A comonoid, with coproduct Ay g : FI[AL B] — F[A] x F[B]. We
use the notation A4 g(x) = (x]a,x/A).

A13045(12534) = (13,254).
@ A bimonoid.

A1 345(12435) = (12,435) = (124|172 - 35

12,124/12-35/12)
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@ Generalized Permutahedra

Santiago Estupifian Salamanca Schur and Power Sum Polytopes March 16, 2021 7/56



Standard Permutahedra

Definition

Take [ an arbitrary set, with n:= |l|. The standard permutahedron ; is
the convex hull of the set:

P :={(o(1),...,0(n) €eR'|o € Sy}
Where R’ := span(e;)ic.
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Standard Permutahedra

Take [ an arbitrary set, with n:= |l|. The standard permutahedron ; is
the convex hull of the set:

P :={(o(1),...,0(n) €eR'|o € Sy}

Where R! := span(e;);c;-

N 2.
el = =
=&
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Generalized Permutahedra

A generalized permutahedron is a "deformation” of the standard permuta-
hedron.
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Generalized Permutahedra

e For any two generalized permutahedra p € GP[A], q € GP[B] one
can define:

p-gi=pxq
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Generalized Permutahedra

e For any two generalized permutahedra p € GP[A], q € GP[B] one
can define:
p-gi=pxq

@ The face ps 1 optimized by the linear functional 15 =} ;.5 x;, is a
generalized permutahedron:

ps,m = Pl(zls) x P(z/s)
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Generalized Permutahedra

e For any two generalized permutahedra p € GP[A], q € GP[B] one
can define:
p-gi=pxq

@ The face ps 1 optimized by the linear functional 15 =} ;.5 x;, is a
generalized permutahedron:

ps.T =P(z|s) x P(z/s)

Theorem (Aguiar, Ardila 2017)

The species of generalized permutahedra GP, endowed with the product
and coproduct described previously is a Hopf monoid.
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A symmetric function is a member of the ring R[xi, x, ...] of formal
power series over countably infinite indeterminates, invariant under per-
mutations of its subscripts.

For n > 0, we define:

@ The homogeneous symmetric function as the symmetric function:

h, = E Xiy « - Xi,-

i1 <i2<...<ip

@ The elementary symmetric function, as the symmetric function:

en = E Xip « - Xi,

1<ih<...<ip

@ The power sum symmetric functions as the symmetric function:

Pn = Zx,"
i
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Symmetric Functions

For a partition A = (A1,..., ), and f € Sym, we let fi = f5,
signify:
fi="FH...H

K

The symmetric functions (hy)x, (pa), and (ex)a are all bases for Sym as a
vector space.
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Symmetric Functions

For a partition A = (A1,..., ), and f € Sym, we let fi = f5,
signify:
="~

The symmetric functions (hy)x, (pa), and (ex)a are all bases for Sym as a
vector space.

There is yet another basis for Sym, specially relevant due to its connec-
tion to the representation theory of the symmetric group; namely, that of
Schur functions:

€\ €+l - Okl

€xp—1 €\ s E4k—2

sy = |en—ipjli<ij<kmten(n) = | 32 sl oo Egtk-3
Exg—k+1l  Ex—k+2 .- e\,
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Symmetric Functions

Example:
€3 €4 6€n
_ _ _ 2 2 2
5(33,1) = S5(32,2) = |€1 € €3] = €38° — €31 —e4e18+ 83+ e561” —
€ €1 €
€5€2.
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@ Motivation
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@ Sym has a Hopf algebraic structure given by the product and
coproduct

:U’(f7g) ::f'g, A(hn) ::Zhi®hnfi-
i=0
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@ Sym has a Hopf algebraic structure given by the product and
coproduct

:U’(f7g) ::f'g, A(hn) ::Zhi®hnfi-
i=0

@ Let I1 be the submonoid of GP generated by standard permutahedra.

o

Mn n K Per Sym.
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@ Sym has a Hopf algebraic structure given by the product and
coproduct

:U’(f7g) ::f'g, A(hn) ::Zhi®hnfi-
i=0

@ Let I1 be the submonoid of GP generated by standard permutahedra.

o

I n K Per

Sym.

@ Per and Sym are isomorphic. More precisely, through the morphism
¢ : Sym — Per, defined by ¢(n'h,) = 7.
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Motivation

@ Can we find a geometric object that encompasses the algebraic
properties of the main bases of Sym?
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@ Can we find a geometric object that encompasses the algebraic
properties of the main bases of Sym?

@ Can we arrive at compact descriptions of such objects? What does
that tell us about the original symmetric function?
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@ Can we find a geometric object that encompasses the algebraic
properties of the main bases of Sym?

@ Can we arrive at compact descriptions of such objects? What does
that tell us about the original symmetric function?

@ |s there a way to see the Pieri rule, or change of basis formulas
geometrically?
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@ Can we find a geometric object that encompasses the algebraic
properties of the main bases of Sym?

@ Can we arrive at compact descriptions of such objects? What does
that tell us about the original symmetric function?

@ |s there a way to see the Pieri rule, or change of basis formulas
geometrically?

@ At least for h,, and e, it is possible.
o(nthy) = mp.

p(nle,) = (=1)" 17,
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@ Elementary Polytopes
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Elementary Polytopes

@ The antipode of GP is given by:

Theorem (Aguiar, Ardila 2017)

The antipode of the Hopf monoid GP of generalized permutahedra on

p € GP[/] is: .
sp) =" > (-1
f<p
f is a face of p
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Elementary Polytopes

@ The antipode of GP is given by:

Theorem (Aguiar, Ardila 2017)

The antipode of the Hopf monoid GP of generalized permutahedra on

p € GP[/] is: .
sp) =" > (-1
f<p
f is a face of p

@ On the other hand, the antipode of Sym satisfies:

s(hn) = (=1)"ep.
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Elementary Polytopes

@ The antipode of GP is given by:

Theorem (Aguiar, Ardila 2017)

The antipode of the Hopf monoid GP of generalized permutahedra on

p € GP[/] is: .
sp) =" > (-1
f<p
f is a face of p

@ On the other hand, the antipode of Sym satisfies:

s(hn) = (=1)"ep.

@ Thus,
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Example

s123(m3) = (—1)° +(—1)? +(-D)F e e
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s123(m3) = (—1)° +(—1)? +(-D)F e e

In Per the exact faces that show up in the previous sum are ambiguous.
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Example

—|—( 1)2Q+( 1)1 ° °

In Per the exact faces that show up in the previous sum are ambiguous.
(2,3,1) (1,3,2)

231
(3,21) (1,2,3)

s123(m3) = (—1)°

(3.1,2) (2,1,3)
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A convention

@ This result suggests that we should define the polytopes associated
to the elementary symmetric functions, as ¢(n'e,) € Per.
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A convention

@ This result suggests that we should define the polytopes associated
to the elementary symmetric functions, as ¢(n'e,) € Per.

@ How can we associate in a uniform way an element of Per to a given
symmetric function?
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A convention

@ This result suggests that we should define the polytopes associated
to the elementary symmetric functions, as ¢(n'e,) € Per.

@ How can we associate in a uniform way an element of Per to a given
symmetric function?

Definition

Let f € Sym,, and c be the coefficient of the expansion of f in the (hy)x
basis. The polytope associated to that function is qﬁ("?!f) € Per, under
the isomorphism ¢ : Sym = Per, if ¢ # 0, and ¢(n!f) if c = 0.
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Elementary Polytopes

Theorem (Aguiar, Ardila 2017)

The Elementary Polytope &, is the interior of the (n — 1)-dimensional
permutahedron up to a sign:

En=(-1)"17,
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Elementary Polytopes

Theorem (Aguiar, Ardila 2017)

The Elementary Polytope &, is the interior of the (n — 1)-dimensional
permutahedron up to a sign:

En=(-1)"17,
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Elementary Polytopes

Symmetric Function Associated Polytope
. . The standard permutahedron
Homogeneous symmetric functions -
n
. . The standard permutahedron
Elementary symmetric functions nil e
(=1)"7,
Power sum symmetric functions ?
Schur functions ?
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© Power Polytopes
@ Doubilet's Formula and Power Sums
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Poset of set partitions

Figure: Hasse diagram of the partition lattice of 4 elements as seen on Formal
approaches to a definition of agents. Biehl, Martin. (2017)
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Poset of set partitions

Figure: Hasse diagram of the partition lattice of 4 elements as seen on Formal
approaches to a definition of agents. Biehl, Martin. (2017)

The Mobius function of this poset is known. It is given by:

p:(0,w) = (=1)I (|| — 1)!
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Power Sums

@ By the work of Doubilet,

Z s (w, D) (wil) by - - (wi!) b,

pn =
“*(0 [n]<w
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Power Sums

@ By the work of Doubilet,

Z s (w, D) (wil) by - - (wi!) b,

[n]<w

Pn = u*(O 0

@ By our convention, the polytope associated to the Power polytopes is
given by:

Pn = ¢((n - 1)!Pn) = (_1)n—1 Z /L*(CU, 1)7rw1 SRRy

[n]<w
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Power Sums

@ By the work of Doubilet,

Z s (w, D) (wil) by - - (wi!) b,

[n]<w

Pn = u*(O 0

@ By our convention, the polytope associated to the Power polytopes is
given by:

Pn = ¢((n - 1)!Pn) = (_1)n—1 Z /L*(CU, 1)7rw1 <o T

[n]<w

Different set partitions with the same type are going to be taken into
account twice in the index of the sum above.
Accordingly, there will be grouping of terms.
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Power Sums

Let w be a given set partition. The number of faces of 7, with an
associated set composition such that 1 belongs to the first part, and
whose integer partition is equal to the integer partition affiliated to w, is
| (w, 1)| = (Jw| — 1)! where |w| is the number of parts of w.
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Power Sums

Let w be a given set partition. The number of faces of 7, with an
associated set composition such that 1 belongs to the first part, and
whose integer partition is equal to the integer partition affiliated to w, is
| (w, 1)| = (Jw| — 1)! where |w| is the number of parts of w.

P,=(-1)""1 Z s (w, 1)y - T,

[n<w

The facets showing in the expansion are half of all the facets of their type.
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Power Sums

Theorem (Benedetti, E., Sanchez)

The Power Polytopes P, are the whole permutahedron (—1)""!7,
without half of its facets. Concretely, the permutahedron 7, up to a sign,
without those of its facets with corresponding set composition S satisfying
that 1 belongs to its first part.
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Power Sums

Theorem (Benedetti, E., Sanchez)

The Power Polytopes P, are the whole permutahedron (—1)""!7,
without half of its facets. Concretely, the permutahedron 7, up to a sign,
without those of its facets with corresponding set composition S satisfying
that 1 belongs to its first part.

@ Whenever p and q are faces with dim(p) = dim(q) their sign will be
the same.
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Power Sums

Theorem (Benedetti, E., Sanchez)

The Power Polytopes P, are the whole permutahedron (—1)""!7,
without half of its facets. Concretely, the permutahedron 7, up to a sign,
without those of its facets with corresponding set composition S satisfying
that 1 belongs to its first part.

@ Whenever p and q are faces with dim(p) = dim(q) their sign will be
the same.

@ It is enough to understand the behaviour of faces with 1 in their first
part, in relation to the faces that lack it.
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Power Sums

Theorem (Benedetti, E., Sanchez)

The Power Polytopes P, are the whole permutahedron (—1)"~!7,
without half of its facets. Concretely, the permutahedron 7, up to a sign,
without those of its facets with corresponding set composition S satisfying
that 1 belongs to its first part.
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Power Sums

Theorem (Benedetti, E., Sanchez)

The Power Polytopes P, are the whole permutahedron (—1)"~!7,
without half of its facets. Concretely, the permutahedron 7, up to a sign,
without those of its facets with corresponding set composition S satisfying
that 1 belongs to its first part.

Example:

2113

2 Vs
s

a

13]2
31112

Figure: The Power Polytope P3
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Outline

@ Schur Polytopes
@ Winkel's Expansion
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Admissible Diagrams

Definition

A staircase box diagram of degree n is a subset of {(i,j) |1 <j < i< n}.
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Admissible Diagrams

Definition
A staircase box diagram of degree n is a subset of {(i,j) |1 <j < i< n}.

A diagram D is admissible if for all its points (i, ), from now on boxes,

one has:
J<k<i= (i,k)eD

31/56
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Admissible Diagrams

Definition
A staircase box diagram of degree n is a subset of {(i,j) |1 <j < i< n}.

A diagram D is admissible if for all its points (i, ), from now on boxes,

one has:
J<k<i= (i,k)eD

31/56
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Admissible Diagrams

i

Definition

An admissible move between two staircase box diagrams D and D’ is a
move which transfers h boxes from row a in D to row b (b > a) in D',
satisfying that for all a < ¢ < b:

r(c)>r(a)+(c—a) or r(c)<r(a)—h+(c—a)

Where r(c) is the number of boxes on row c.
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The Poset D,
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Winkel's Expansion

Theorem (Winkel, 1998)

Given a partition A, and n the degree of its diagram D), one has that the
Schur function sy can be expressed as:

Sy = Z (_1)p(D)erD(1) e erD(n)
DeD(N)

Where p is the rank function of the poset with p(Dy) = 0, and rp(i) the
number of boxes of D in row i.

Also, D()) is isomorphic to a principal order ideal of the Bruhat order on
Sy, where [/ is the length of .
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Winkel's Expansion

@ For elementary symmetric functions instead of standard elementary
monomials.
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Winkel's Expansion

@ For elementary symmetric functions instead of standard elementary
monomials.

@ The non-trivial terms of the Jacobi-Trudi determinant are in
correspondence with the diagrams of D(\).

L]
|| ]

Figure: An admissible diagram Figure: An admissible diagram
corresponding to ese3e; corresponding to ejesere;
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@ Schur Polytopes

@ Schur Polytopes
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Schur Polytopes

According to our convention, the Schur polytope S, is given by:

S)\ = n'gb Z (—l)p(D)erD(l) v e,D(n)
DeD(N)

. 1@ o (o),
De%%/\')( ) rp(1) rp(n)!
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Schur Polytopes

According to our convention, the Schur polytope S, is given by:

S)\ = n'gb ( Z (—l)p(D)erD(l) v e,D(n))

DeD(N)

. 1@ o (o),
De%%/\')( ) rp(1) rp(n)!

@ The coefficients of the sum are the number of faces of m, with
associated composition (rp(1),..., rp(n)).
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Schur Polytopes

According to our convention, the Schur polytope S, is given by:

S)\ = n'gb Z (—1)p(D)erD(1) v e,D(n)
DeD(N)

. 1@ o (o),
De%%/\')( ) rp(1) rp(n)!

@ The coefficients of the sum are the number of faces of m, with
associated composition (rp(1),..., rp(n)).

@ Could it be that for each associated composition there is only one
admissible diagram associated to it?
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Schur Polytopes

According to our convention, the Schur polytope S, is given by:

S)\ = n'gb Z (—1)p(D)erD(1) v e,D(n)
DeD(N)

. 1@ o (o),
De%%/\')( ) rp(1) rp(n)!

@ The coefficients of the sum are the number of faces of m, with
associated composition (rp(1),..., rp(n)).

@ Could it be that for each associated composition there is only one
admissible diagram associated to it?

@ Yes!
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Schur Polytopes

Definition

Suppose that M = (ex,—it+j)1<ij<n is fixed, and let w be a word over the
alphabet (ex)ken. If w is the word of a permutation o, then for all i, j:

Wi+ j # Wiy
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Schur Polytopes

Definition

Suppose that M = (ex,—it+j)1<ij<n is fixed, and let w be a word over the
alphabet (ex)ken. If w is the word of a permutation o, then for all /,j:

Wi+ j # Wiy

Lemma

Let M = (ex,—i+j)1<ij<n be fixed, )= (1)+1 -+ - E\g(my—a(n)+n be a term
of the determinant |M| for some o € S,, and w be the word of 0. Then
ej ... €y is a term of the determinant |[M| if and only if the word of the
permutation w(k) := i, satisfies:

(k3G eZ : (Wo)k +J = (W) k)t = [n]

Where wy denotes the k-th entry of the word w.

v
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Schur Polytopes

Theorem (Benedetti, E., Sanchez)
The Schur polytope S, is the polytope described by the expression:
Sy = Z (_1)asc(D)+dim(}')]:°

F<m,
3D: type(D)=type(F)

Where the sum is over the faces F such that there exists an admissible
diagram D with the said condition.
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Examples

According to the previous theorem, the Schur polytope Sy for A = (2,1)
is:

/N

Sy=(-1)* +(=1)' —
Diagram {
Ascents 1 0
Dimension 2 1
So that: / \
S\ = —_
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Examples

According to the previous theorem, the Schur polytope Sy for A = (3,1)
is:

.- U oiX

g N ) 3\

3¢ ° S~
Sy = (-1)° ST S | +(71)‘\ e

s BB OF ah

3 2 2 1 Dim.
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Examples
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Examples

Example

Let A be a hook partition A = (m, 1,...,1). For any such partition the
poset D(\) has a remarkably simple form, namely, it is isomorphic to the
filter generated by the set compositions whose integer composition
corresponds to A, in the poset SC.

Geometrically, this means that S, is the polytope that has as faces all the
faces of the permutahedron of the form 7, X m1 X ... X 71, as well as all
the faces that contain them.

Moreover, all those faces show up with sign —1.
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Outline

© Pieri Rule
@ The Pieri Rule
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The Littlewood-Richardson Coefficients

@ Since the Schur functions are a basis for the symmetric functions, we
can ask how to expand the product of Schur functions in that basis.
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The Littlewood-Richardson Coefficients

@ Since the Schur functions are a basis for the symmetric functions, we
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The Littlewood-Richardson Coefficients

@ Since the Schur functions are a basis for the symmetric functions, we
can ask how to expand the product of Schur functions in that basis.

@ The coefficients Cﬁ"y of that expansion are known as the
Littlewood-Richardson coefficients.

_ A
SuSy = Z CpovSA-

A=+

@ With the Hopf algebraic structure defined before, the coproduct of an
arbitrary Schur function in Sym can be given with the aid of the
Littlewood-Richardson coefficients:

A(sy) = Z cﬁ‘vy(su ® sp).
o =1
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The Pieri Rule

@ In the case when p = (n), i.e. when one of the partitions indexing
the product s,s, has only one part, there is an easy description of
that expansion (equivalently of the Littlewood-Richardson

coefficients).
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The Pieri Rule

@ In the case when p = (n), i.e. when one of the partitions indexing
the product s,s, has only one part, there is an easy description of
that expansion (equivalently of the Littlewood-Richardson
coefficients).

@ That description is known as the Pieri rule.

Theorem (Pieri Rule)

The product of the Schur functions s(,)s, is the sum of those Schur
functions sy such that the Ferrer diagram of A can be obtained by adding
n boxes to the Ferrer diagram of y; in such a way that no two boxes are
in the same column.
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For the partitions ;1 = (2) and v = (3,2,2,1), the product of the Schur
functions s, - 5, is the sum of the Schur functions sy, such that A is any of
the partitions on the right hand side of the equation below:

o

Santiago Estupifian Salamanca
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Outline

© Pieri Rule

@ A Geometrical Pieri Rule
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@ We want to visualize the Pieri rule using our geometric versions of
the Schur functions.
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@ We want to visualize the Pieri rule using our geometric versions of
the Schur functions.

@ We want to use the coproduct of Per = Sym, to do so.
@ Recall that:

A(sy) = Z c/’[\ql,(su ®@Sy).  SuS, = Z CI’L\WSA.
vl |=[A] A=l +v |
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@ We want to visualize the Pieri rule using our geometric versions of
the Schur functions.

@ We want to use the coproduct of Per = Sym, to do so.
@ Recall that:

A(sy) = Z C/)IIV(SM ®@Sy).  SuS, = Z CI’L\WSA.
vl |=[A] A=l +v |

@ At the same time,

AS) = Y, Ast(S)
SUT=I: |l|=n
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@ Recall that:

A(sy) = Z c/’[\ql,(su ®@Sy).  SuSs, = Z CI’L\WSA.
v |+ v|=|A NER

c@l)W =1 — [S(1) @ SUJ(A(Sy)) # 0.
= Ay a(Sy) #0.
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@ Recall that:

A(sy) = Z c/’[\ql,(su ®@Sy).  SuSs, = Z CI’L\WSA.
v |+ v|=|A NER

= Ay a(Sy) #0.

@ There is a geometric way to find out if Ag 7(p) # 0!
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@ Suppose we want to know the expansion of s(1) - 5(2.1) = h1 - 52,1) in
the Schur basis:

S 521 = 2 G215
A
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@ Suppose we want to know the expansion of s(1) - 5(2.1) = h1 - 52,1) in
the Schur basis:

SW) 521 = D ), 2,1)5n
A

e Take A = (3,1). The drawing below shows that c((13)’1()2 = 1.

g o

o—

Figure: The Schur polytope 8(3’1) Figure: The Schur polytope 8(271)
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Pieri Rule in Higher Dimensions

@ The previous approach is difficult to see in high dimensions.
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Pieri Rule in Higher Dimensions

@ The previous approach is difficult to see in high dimensions.

Theorem (Aguiar, Ardila 2017)

The Hopf monoid of set partitions S, and the Hopf submonoid of GP
generated by standard permutahedra are isomorphic as set species.
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Pieri Rule in Higher Dimensions

@ The previous approach is difficult to see in high dimensions.

Theorem (Aguiar, Ardila 2017)

The Hopf monoid of set partitions S, and the Hopf submonoid of GP
generated by standard permutahedra are isomorphic as set species.

@ Thus, we can calculate the coproduct in the poset of set partitions.
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Pieri Rule in Higher Dimensions

@ All the faces of a Schur polytope are just elements of the poset of

admisible diagrams thought of as tabloids.

- |3]|1]2

“ 1

H—

[4]

Figure: The optimized face as a

Figure: The Schur polytope S(3 1)
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Pieri Rule in Higher Dimensions

@ The coproduct is easy to understand on the faces (tabloids).

3
/ / =
3 REE
[4] 2]
Figure: The action of Ajs34 on Figure: The action of Ajo34
a tabloid with 4 apart. otherwise.
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Pieri Rule in Higher Dimensions

@ The way in which the coproduct acts on tabloids induces a labelling
on them.

[A[]

(Al
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Pieri Rule in Higher Dimensions

Theorem (Benedetti, E., Sanchez)

Let A - n be a partition. Then, there is a labelling of the poset S of set
compositions of [n] := {1,...,n} such that:
© The set of faces of Sy is a subposet P.

@ There is a sign reversing involution ¢ on the filter generated by D, -
within P; with A~ a diagram obtained by removing a block from A,
and A~ not a partition.

© The subposet P contains the set of faces of Sy- for all the partitions
A~ so that A~ a diagram obtained by removing a block from .

© All of the elements of P are either of the form of 2 or 3.
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